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Abstract: In this paper we will study tachyon effective action for Dp-brane in 
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fective Lagrangian from boundary state coeficient of Dp-brane in the linear dilaton 
background and compare it with tachyon effective Lagrangians that were proposed 



m previous papers. 



Keywords: P-branes. 



Contents 

[I]. Introduction [l] 

|2|. Review of the tachyon condensation on D-brane in the linear dila- 

ton background |4] 

|3|. Weak linear dilaton background [?| 

|3]. Spatial dependent tachyon profile |8| 

|5|. Conclusion [11 



1. Introduction 

Study of the tachyon condensation is one of the central themes in the string theory 
research in last few years JT|. Many powerful methods were developed in order to 
describe this process, for example it was realised that open string field theory is 
very useful tool for analysis of the tachyon condensation 1 . In some situations one 
can also analyse the tachyon condensation using worldsheet conformal field theory 
description fl], || . It was also shown that the tachyon condensation could be described 
in terms of the non-commutative geometry || . One of the most remarkable results 
given in last year is the fact that in some situation the tachyon condensation could be 
successfully described in terms of the effective field theory including the tachyon field 
and massless modes living on unstable D-brane 2 . Very nice discussion considering 
the tachyon effective field theory was given recently in pTfl . According to this paper 



it seems that there is no much sense to find tachyon effective action only since the 
scale of the masses of an infinite set of massive string modes is the same at the 
tachyon mass and thus to keeping the tachyon while integrate out all other string 
modes my appear to be not well defined. On the other hand one may hope that 
some aspects of string dynamics can be captured by an effective field theory action 
invoking only the tachyon fields and massless modes, where all other massive modes 
decouple at a vicinity of certain conformal points. One such an example of an exact 



arc 



1 For reviews, see ]|, ||, ||. 

2 Some papers, where the effective field theory descriptions of the tachyon dynamics can be found, 
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conformal point that was studied recently is a time- dependent background which 
should represent an exact boundary conformal theory |L5|, [L6| 



T = her + f e 



where in the superstring case n 2 super = \ and in case of bosonic string theory nl ose = 1. 
Its special case is the "rolling tachyon" background 



T = f Q ef a . 



;i-2) 



The disk partition function in this background was recently studied in |3(| suggesting 
that the corresponding potential term should look like 



V 



L ~ 2 



1.3) 



Then it was shown in [ 19| , |29|j 3 that demanding that a generic first-order Lagrangian 
should have ( [Lip (for fi super ) as its exact solution fixes its time-derivative part to be 



C 



1 



J^2 



x ~ 2 



(9 T) 2 . 
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If we now assume as in |L9| that ( pL.4j) has a direct Lorentz-covariant generalisation we 
obtain the tachyon effective action for unstable Dp-brane in super symmetric theory 



S = ~ J d p+1 Xy ^C ,C=- 



+ 



T 2 



/ T 2 

1 + — + g^TduT . 



1.5) 



The Lagrangian given in (|1.5f) after field redefinition ^ = sinh ^ becomes "tachyon 
DBI" Lagrangian 



Ctdbi = -e- 9 V(T)d- det(^ + d^Td u T) , V(T) 



cosh 72 
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The arguments based on having ( |1 . 1| ) as an exact solution fixes only the time- 
derivative dependence of the action (|1.5|). On the other hand it is possible that 
the covariantisation of (|1.4j ) to ( |1.5|) could be rather subtle p7| . In fact, the exact 
description for the string partition function evaluated on more general background 



T(x u ,x l ) = f(x u ,x l )e 







:i-t) 



should be Lorentz-covariant, but that need not apply to its first-derivative part only. 
Exactly such a behaviour was observed in [0] where the string partition function 



3 For similar discussion in case of bosonic string theory see 
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in bosonic string theory was calculated on the tachyon profile T 
results into following tachyon effective Lagrangian 



C 



1 



1 + T 



T(l +T) 



2(1 + T) 



dfT + ... 



f(x l )e x ° which 
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In supersymmetric case, where the tachyon profile is 

T = f{x i )e^ 
we obtain tachyon effective Lagrangian 
1 / 1 



1 + ^ 

x ' 2 



1 + 



1 + ^ 

2 L 



1 




2 -I 



(ftT) 2 + 
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where si can be changed by field redefinition. As was shown in [57| this Lagrangian 
differs from ( |1.5| ) evaluated on the profile ( |1.9| ). 

The discussion given above implies that the form of the tachyon effective action 
strongly depends on the point in the field theory space where this action is calculated 
from the string partition function. For example, it was shown recently in ]29|] that 



the Lagrangian (|1.5|) correctly reproduces string S-matrix tree level amplitudes near 

the conformal point T = ev5 on condition that spatial momenta of initial a final 
states are small. This fact gives strong support for the validity of ( |1.5|) at least for 
description of tachyon dynamics close to the rolling tachyon solution ( |1.2| ). On the 
other hand in our recent paper pS| we have shown that there are problems when we 
try to apply the action ( |1.5| ) to the case of linear dilaton background. The lesson 
from these arguments is that we should be very careful when we try to use tachyon 
effective actions in regions of field theory space where its validity is not established. 

In this paper we will continue the study of the tachyon effective actions in the 
linear dilaton background. The starting point of our analysis will be results given in 



very nice paper [^T|] where the string theory on D-branes in linear dilaton background 
was studied. We use the expression for the boundary state coefficient B(x) obtained 
there and following the general strategy P^j we will interpret this one point function 
as a tachyon effective Lagrangian evaluated on the marginal tachyon profile T = 
nXe^ 1 . Then in order to gain some information about the tachyon effective action we 
will expand this one point function for case of small T and also for case of "weak" 
dilaton background Vo «C 1. Then we compare resulting effective Lagrangian with 
the tachyon effective Lagrangians obtained in previous papers |19|, p7|. We find 



that the tachyon effective action obtained here has the similar form as the tachyon 
effective action for D-brane in bosonic theory ( |1.8j ). Then using the results given in 
pl[] we will consider the case when the tachyon field is still marginal however now also 
depends on the spatial coordinates. We obtain an exact form of the string partition 
function that is manifestly Lorentz-covariant which implies that the tachyon effective 
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Lagrangian evaluated on marginal tachyon profile is Lorentz-covariant as well. Since 
the form of this effective Lagrangian is rather complicated we restrict ourselves to the 
case of weak linear dilaton background. Once again we obtain action that coincides 
with the action given in p7 . 



This paper is organised as follows. In section (0) we review results given in j3l| 
that are needed for our calculation. In section (^|) we will consider the situation when 
the time-like component of dilaton vector is small Vq <C 1 and we can perform an 
expansion of the one point function with respect to the small parameter Vq. In section 
(fD we generalise the calculation given in |3l| to the tachyon boundary perturbation 
that depends on the spatial coordinates as well. In conclusion @ we outline our 
results and suggest possible extension of our work. 



2. Review of the tachyon condensation on D-brane in the lin- 
ear dilaton background 

In this section we briefly review the description of the tachyon condensation in the 
linear dilaton background how was presented in [31]. We begin with the fact that 
tachyon condensate on unstable D-brane that describes its time-dependent decay is 
T = irXeP* with (3 > 0. We will study this process in arbitrary spacelike dilaton 
background 4 

$ = V^X^ 1 , VpV^ > . (2.1) 

The weight of the worldsheet boundary interaction operator is (3(f3 — Vq). Requiring 
the weight to be equal to 1 we obtain 



V = P- 



(2.2) 



As was shown in [[31 1 the time-like part of the worldsheet CFT is the Timelike Bound- 
ary Liouville theory [|33| 



1 

2tt7s 



dX°dX c 



V X°R 



)+H-f (^ X ° + VoX°K) , (2.3) 



where K is the extrinsic curvature which integrates to 2tt around the boundary of 
the disc. The action (|2.3|) is related to the standard boundary Liouville theory with 
Q = b+\ 

1 



2tt7s 

by analytic continuation X° 



icf) ,13 



-ib ,V 



theory (gj) was studied in |4], [35], [37|, ^ |5 . 

4 Our convention is = (—1,1, ... ,p) ,[i,v — 0, . . . ,p ,i,j 
spacetime are labelled with I, J = 0, . . . , D — 1. 



(2.4) 

iQ. The boundary Liouville 
= l,...,p. The indices in target 
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Among many interesting results that were calculated in [|3T] the most important 
for our calculation is the boundary state coefficient B(x) that is given by a disc 
worldsheet one point function 

B{x) = e Vx J SxB^' ikx (e~ ikX+vx ) , (2.5) 

where D means the dimension of target spacetime. Recall that there is following 
relation between D and in critical string theory 

V.V = . (2.6) 



As in [31] we require the dilaton gradient to point along the unstable D-brane. 

Now we will argue how ( [2.5| ) is related to the tachyon effective Lagrangian eval- 
uated on the profile T = TrXe 13 ^ . The general definition of the stress energy tensor 
is 



Tu = -—Tin • ( 2 - 7 ) 



5S 

If we now presume that the tachyon effective action has the form 



S = - J d p+1 x^C 

we get 



:2.8i 



Tij(x) = - giJ {x)C{x) + 2^jj^y • (2.9) 



On the other hand it was shown in |y| that the stress energy tensor of D-brane 
in the linear dilaton background can be expressed in terms of the boundary states 
coefficients A^ u (x) ,B(x) as 

T^x) = e- 2Vx (A^{x) - B(x) Vlxu ) , (2.10) 

where the explicit form of A^x) is not important for us. Comparing (|2.9| ) with ( |2.10| ) 
we can anticipate that the Lagrangian evaluated on the tachyon profile T = nXe^ is 
equal to 

C(x) = e~ 2Vx B(x) . (2.11) 



The expression (2.5) was calculated in p3] with the result 



^ {x0) = jl (Cp^ e ^^° //3r (-^o/' 9 ) r ( 1 + W > ( 2 - 12 ) 



where 
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Following [31] we rewrite ( |2.12| ) into the form that will be suitable for our analysis 



B 



(3 



(2tt) d -p- 1 2tt 
5(x t ) f dkr - "~- ' v 



ikoX X lko/l3 T(-ik /p)T(l + ik /3) 



(5 J (2tt) 
= S(x T 

S(x T 



O ikox o~ xiko/ p / ^ e _^_ lfco//3 _i / dse -s s ik f3 



ds / dx 
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dk. 



(27T) 



0_ e ifco(x +-ilnA-x' +/31ns) e - e ^' _ s 



ds / dx'°5(x° + - In A - x'° + pin s)e~ e 
P 



S(x T ) 



fdsexp [s- W 



T 



+ P 2 



where we have introduced the tachyon field 

T = n\e^° 



(2.14) 



(2.15) 



and where S(xt) means the transverse delta function projecting onto the Dp-brane. 
In what follows we suppress this delta function. According to the discussion given 
above (|2.14j) implies that the tachyon effective Lagrangian evaluated on the marginal 
profile ( p. 15 ) in the linear dilaton background is equal to 



C 



dsexp 



T 



-s — 



r(i + /? 2 ) 



(2.16) 



We present various checks that this Lagrangian reduces to the more familiar one in 
various limits of tachyon field theory space. First of all, for t — > — oo we can write 



C 



dse 



1 - 



T 



rCL + 2 ) 



T) 



using 



/ dse~ s = 1 , / dse~ s s p = T(P 2 + 1) . 
J o Jo 



(2.17) 



(2.18) 



One can see that ( |2.17| ) is equal to the bosonic version of the Lagrangian ( |1.4| ) given 
in ( |3.5p and to ( O ) evaluated on time-dependent tachyon profile in the limit of small 
T. Moreover, for = which corresponds to /3 = 1, the effective Lagrangian ( p.lGj ) 
reduces to 



C 



dse- s ^ 



l + T 



(2.19) 



which is equal to the Lagrangians (|3.5|) and ( |1.8|) evaluated on time dependent 
tachyon profile T — e*. To gain further information about ( [2.16P we will consider the 
case when time-like component of the dilaton vector Vq is small. Let us name this 
background as "weak linear dilaton background" . 
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3. Weak linear dilaton background 



As we said above the formulation weak linear dilaton background means that Vo <C 1. 
Since we demand that (3 > in order to describe tachyon condensation where the 
tachyon field rolls from T = to T = oo the condition of marg inality (3 2 - (3V = 1 
implies 



Then for small Vq we get 



(3.1) 



C 



dsexp \-s - Ts(l + {C- l)V )e Volns 



J™ ds exp [-s(l + T)\ (l + sV T In - + (1 - C)TV s) 

\n(l + T)\ 

ln(l + T) 



1 + T 



1 + T 



1 + 



(1 + T) 2 

(l 2 - Iff 
(1 + T) 



(3.2) 



where we have used 



r(i + p 2 ) = r(2 + v ) «= i - (c - i)y , c = 0.577 



*lni = J-(lna-l + C) . 



(3.3) 



Let us say few comments about (|3.2|) . First of all we must explain why we have 
replaced Vq with j3 2 — 1 using (|3.1| ). We can argue as follows. The presence of 



[IV 



the expression V T suggests that the Lagrangian could contain terms as d^d u Tg 
that are rather unusual and lead to some problems. For example, the variation 
of the action containing such terms with respect to will produce expressions 
proportional to d^d v T = d^d T. These expressions would be presented in the 
components T i0 of the stress energy tensor. On the other hand we know from [3T| 
that the stress energy tensor for the rolling tachyon solution in the linear dilaton 
background is diagonal so that T 0i = 0. Since the Lagrangian ( ^.2[ ) is evaluated 
on the marginal tachyon profile where Q3.1p holds we mean that it is appropriate to 
replace V with f3 2 — 1. The next issue is how to interpret the expression (/5 2 — 1)T. It 
can be written either t2 ~ t2 or as T — T. The first possibility is non-analytic around 
the point T = but together with the factor ln(l + T) ~ T for T -C 1 we get analytic 
expression. On the other hand we mean that it is reasonable to replace (/3 2 — 1)T 
with T — T in terms where the choice t2 ~ t2 would lead to the non- analytic behaviour 
around the point T = 0. In fact, the importance of higher derivative terms in the 
tachyon effective Lagrangian was discussed recently in |[27|| . On the other hand it is 
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clear that the expression (j3 2 — l)T is in principle ambiguous and that the requirement 
of the analycity of the tachyon effective Lagrangian around the point T = need 
not be fundamental. Moreover it is possible that non-analytic terms could play 
significant role in some situations. We mean that in order to resolve this issue we 
should calculate the string partition function on more general tachyon background. 
However calculation such a partition function on general tachyon background is very 
complicated task which is certainly beyond the scope of this paper. For that reason 
we will follow the arguments given above so that we write ( |3.2|) as 

l + rr t(i+t) ) ' y ' 



We see that ( |3.4| ) has similar form as the Lagrangian ( |1.8| ). We must also mention 
that in some sense the similarity between ( |3.4[ ) and fll.cf ) should not come as a big 
surprise since both Lagrangians are calculated from the string partition function 
even if closed string background and hence worldsheet conformal field theories are 
different. The more interesting question is whether there is a relation between (|3. J| ) 
and the bosonic version of ( |1.4|) given in |25| 5 




S = ~ <P +1 x—-\ l + T - ^LJ- , (3.5) 



where we now presume that (|3.5|) is valid in the nontrivial dilaton background as 
well. Since for the weak linear dilaton the factor T — = T(l — f3 2 ) = — VqT is 

small we can write 6 

c = TTt V+2--n-) (3 ' 6) 



that is clearly different from ( |3.4| ). We mean that this fact is in agreement with the 
claims given in [^J that the tachyon effective Lagrangians ( |1 .4j ) ,( pT5|) do not follow 



directly from the string partition function. We return to this issue in the conclusion. 



4. Spatial dependent tachyon profile 



In this section we will consider the tachyon boundary interaction that also depends 
on spatial coordinates. More precisely, we presume that the marginal interaction 
inserted on the boundary of the worldsheet is 



T = irXe 



1 . 



(4.1) 



5 For precise discussion of the bosonic D-brane tachyon effective action, see also |26 
6 lt is important that O) also implies 1 - (/3 2 1VT1 ^ 1 ^ " 1 



1)T > 1 T < 



/3 2 -l ' 



On the other hand 



for exponential form of T e^ x there will be certainly time for which T(x®) — qz_ x ■ For this 



time event the Lagrangian is equal to zero and then becomes imaginary. This fact again suggests 



problems with the generalisation of (3.5) to the linear dilaton background. We can also observe 



that the same problem arises in the supersymmetric version (1.4) as well. 



s 



In this case the action for the worldsheet CFT has the form 



S = I L + + 4 (,Ae^» + 4^) . (4.2) 

From this explicit form of the string worldsheet action it is clear that the exact form 
of the string partition function is manifestly Lorentz covariant. On the other hand it 
is possible that the expansion of the partition function in powers of dT will lead to 
the Lagrangian where the manifest Lorentz covariance is lost. This is an important 



issue that was extensively discussed recently in P? ]. One can hope that the study 
the tachyon effective Lagrangian in the linear dilaton background could be helpful 
for addressing this problem. In fact, we will see that results given in this section 
suggest possible covariant extension of fll.fiQ . 

First of all, using the manifest Lorentz covariance we can bring /3 M in Q4.1|) into 
the frame where T = exp(/3 A1 X M ) = exp((3' X '). The the worldsheet action (|4.2|) is 



(4.3) 



that has the same form as the worldsheet action given in section (|2]). Hence the 
coefficient B will be the same 

hi t\ Vx'v f°° . ( vrAe^' a\ 
B{x) = e v » x I dsexpl-s — — w^s p ) = 



o 



r(i + /3 



e v ^ f°dsexp (s - T a o *-*rW 



(4.4) 



where we have introduced the tachyon field 

T = irXe^ (4.5) 

and we have also used explicit Lorentz covariance of B. Using the relation between 
B and £ we obtain the tachyon effective Lagrangian evaluated on the tachyon profile 
( f4.5|) in the form 

C = e~ v ^ r dsexp (-8 - - T - — s-W»A . (4.6) 

In order to obtain more transparent form of the Lagrangian let us again consider the 
case when the dilaton gradient is small. Now the condition of marginality implies 

-yrPtPv = 1 - yTVpfr, = 1 + e , e < 1 (4.7) 
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on condition of the weak dilaton background <C 1 , V^V M > 0. With this assump- 
tion we immediately get 



T 



ds exp [ — s — — 
'J dse- s{1+T \l-Tes lns + (1 -C)Tse 

rri 

1 + T^hi(l + T) 
ln(l + T)] 



1 + T 



1 + T 



1 + T 



{rTPfA + l)T 
1 + T 



(4- 



Following discussion given in the previous section we perform the substitution [rf v ' f3^f3 u + 
1)T =>• ??M a ^ T ^ T+T j n the term proportional to ln [^P so that we get 



C 



1 + T 



1 



ln(l + T) 
T(l+T) 



{r)^d„Td u T + T 2 ) + 



(4.9) 



The Lagrangian given above is the main result of this paper. Let us now presume 
that (|4.9| ) is also valid for general tachyon not obeying the condition of marginality. 
Then we see that (]4.9f) could be considered as covariant version of ( |1.8|) . In fact, 
when we insert the tachyon field T = f(x l )e x ° into the Lagrangian ( f4.9|) we get 



C 



1 + T 



i- l ^r ± ^^d l Td ] T + ... 

T(l + T) 3 



(4.10) 



that same as the first order derivative part of the Lagrangian ( [□D 7 . Note also that 
for small T (14. 91) has the form 



C = e"* [1 - T - ^d^TdJT] 



(4.11) 



We see that this Lagrangian is different from the standard bosonic tachyon La- 
grangian describing the tachyon dynamics around the perturbative vacuum T = 



C 



- l -rf v d,Td v T + -T 2 
2 2 



(4.12) 



Note that the same thing was recently observed in [27] in case of the Lagrangian 
( P-.8|) . Then it is not surprising that the tachyon profile T = is not solution of 



7 To be precise, the term containing the second order derivatives of T in (LS) arises from the 
renormalisation procedure |27|] that contains the beta function which is equal to zero for the marginal 



tachyon profile. For that reason it is not surprising that such term is missing in the (4.9) in the 
leading order expansion in e. 
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the equation of motion that arises from Q4.ll ) while is solution of the equation of 
motion arising from (|4.12 ) 



+ T = 



(4.13) 



for ff v ^^ v — rj^V^flv+l = 0. We can explain this puzzle as follows. In order to derive 
the correct equation of motion one needs to compute first the partition function for 
the general tachyon field. In our case we have calculated the partition function on 
the exact marginal perturbation so that it is possible that in the resulting Lagrangian 
some terms are missing which would be nonzero for general off shell tachyon profile. 
We also have ambiguity when we have replaced (3 2 with either ^ or with In order 
to obtain more general effective Lagrangian we should consider arbitrary boundary 
tachyon perturbation on the string worldsheet and study this problem using the 



boundary string field theory [4C . 



5. Conclusion 

The main goal of this paper was to study the tachyon effective action for Dp-brane 
in the bosonic string theory in the linear dilaton background. We have based this 



analysis on the known form of the boundary state coefficient given in ||3T|] and its re- 
lation to the tachyon effective Lagrangian evaluated on the tachyon marginal profile. 
As we could see in section (fj) this Lagrangian which is valid for general spacelike 
dilaton vector has rather unfamiliar form. However we have shown that in case 
of vanishing dilaton field Vn = the Lagrangian is the same as the Lagrangians 



calculated for exactly time dependent tachyon profile in [|l|j, [27]] ■ This coincidence 
also holds in the far past for general V^. Much more informations we have got when 
we considered the case when the time-like component of the dilaton vector Vq is 
small. Then we could introduce small parameter proportional to Vq and perform an 
expansion in the tachyon Lagrangian with respect to it. Using the condition of the 
marginality of the tachyon profile we have got the tachyon effective Lagrangian that 
has similar form as the Lagrangian ( |1.8| ). This coincidence was much sharper when 
we have generalised the pure time dependent tachyon condensation to the case when 
the tachyon profile depends on spatial coordinates as well. We have argued that 
this can be done very easily using manifest Lorentz-covariance of the boundary state 
coefficient B(x). Then we have found that the resulting effective tachyon Lagrangian 
has the same form as the effective tachyon Lagrangian evaluated in |27j . On the other 
hand we have also shown that this Lagrangian is different from the Lagrangian (|3.5|) 
generalised to the case of the linear dilaton background. Then we have argued that 



this result is in agreement with the claim given in |57J] where it was said that ( |1. -\ ) 



and ( |3.5| ) do not directly follow from the string partition function. Of course this 
fact does not mean that the Lagrangian ( |1.4j ) is not suitable for descriptions of the 
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tachyon condensation. Moreover, it was shown recently in that ( |1.4| ) gives the 
excellent description of the tachyon dynamics around the point in the tachyon field 
space that corresponds to the rolling tachyon background. We must also mention 
very interesting paper where it was shown that "tachyon DBF Lagrangian ( |1.6|) 
gives excellent description of the moduli space of unstable D-branes on a circle of 
critical radius. On the other hand we have shown recently in [^] that the application 
of ( p.5|) to the description of the tachyon condensation in the case of linear dilaton 
background leads to results which are different from results given in [[31]] 8 . 

The extension of our calculations is obvious. We mean that it would be very in- 
teresting to perform the same analysis in the supersymmetric case as well. In order 
to do this we should firstly understand the time-like form of the N — 1 super Li- 
ouville theory jJ3, 44, [KJ, following [33||. We hope to return to this problem in future. 
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